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TIME VALUE OF MONEY

Accumulation Factor A (t1, t2): The accumulation at time t2 of an investment of 1 at time t1 for t1 < t2,
A(n) = A(0, n)

Simple Interest: A(n) = C(1 + in)

Compound Interest: A(n) = C(1 + i)n in = i

Present Value Factor: v(n) =
1

A(n)

Effective Interest Rate: in =
A(n)−A(n− 1)

A(n− 1)

Effective Discount Rate: dn =
A(n)−A(n− 1)

A(n)

Simple Discount: C(1− nd)

Effective Discount: C(1− d)n

Discount Rate: d =
i

1 + i
= 1− v = iv v = (1 + i)−1 1

d
− 1

i
= 1

Nominal Rates:
(
1 +

i(p)

p

)p

= 1 + i

(
1− d(p)

p

)p

= 1− d

i(p) = p
[
(1 + i)

1
p − 1

]
d(p) = p

[
1− (1− d)

1
p

]
Force of Interest: δt =

V ′
t

Vt
=

d

dt
lnVt A(t1, t2) = e

∫ t2
t1

δtdr A(0, n) = e
∫ n
0

δdt = eδn

Constant Force of Interest: eδ = 1 + i δ = ln(1 + i) v = e−δ

PV of $1 Due in t Years: PV = (1 + i)−t = vt = e−δt = (1− d)t =

(
1 +

i(m)

m

)−mt

=

(
1− d(m)

m

)mt

AV at time t of $1
invested at time 0:

AV = (1 + i)t = eδt = (1− d)−t =

(
1 +

i(m)

m

)mt

=

(
1− d(m)

m

)−mt

Principle of Consistency: A (t0, tn) = A (t0, t1)A (t1, t2) . . . A (tn−1, tn)

CASHFLOWS

Discrete cashflows: ct1v (t1) + ct2v (t2) + · · ·+ ctnv (tn) =
n∑

j=1

ctjv (tj)

∞∑
j=1

ctjv (tj), if the No. of payments is infinite

ρ(t): The rate of payment at time t per unit time.

M(t): The total payment made between time 0 and time t

Continuously payable cashflows:

ρ(t) = M ′(t) for all t

The payment received between time α and time β:

M(β)−M(α) =
∫ β

α
M ′(t)dt =

∫ β

α
ρ(t)dt where 0 ≤ α < β ≤ T

PV of the entire cashflow:
∫ T

0
v(t)ρ(t)dt

∫∞
0

v(t)ρ(t)dt, if the No. of payments is infinite
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General Cashflow:
∑

ctv(t)+
∫∞
0

v(t)ρ(t)dt

Value at time t1 of C due at time t2: C exp
[
−
∫ t2
t1

δ(t)dt
]

and
∫ t2
t1

δ(t)dt =
∫ t2
0

δ(t)dt−
∫ t1
0

δ(t)dt

Valuing cashflows:
∑

ctv(t) +
∫∞
−∞ ρ(t)v(t)dt Value at time t1

of cashflow

 =

 Value at time t2
of cashflow

[v (t2)
v (t1)

]
 Value at time t

of cashflow

 =

 Value at the present
time of cashflow

[ 1

v(t)

]
Interest income: I(T ) =

∫ T

0
Cδ(t)dt

Capital C: C = C
∫ T

0
δ(t)v(t)dt+ Cv(T )

ANNUITY

Annuity-Immediate: an : one period before first payment, sn : at time of last payment

an = v + v2 + · · ·+ vn =
1− vn

i

sn = 1 + (1 + i) + · · ·+ (1 + i)n−1 =
(1 + i)n − 1

i
= an (1 + i)n

Annuity-Due: än : at time of first payment, s̈n : one period after last payment

än = 1 + v + · · ·+ vn−1 =
1− vn

d
= (1 + i)an =

(
i

d

)
an = 1 + an−1

s̈n = (1 + i) + (1 + i)2 + · · ·+ (1 + i)n =
(1 + i)n − 1

d
= än (1 + i)n

= (1 + i)sn =

(
i

d

)
sn = sn+1 − 1

Continuous Annuity: ān =
1− vn

δ
=

(
i

δ

)
an =

∫ n

0
e−δtdt

s̄n =
(1 + i)n − 1

δ
=

(
i

δ

)
sn =

∫ n

0
eδ(n−t)dt = ān (1 + i)n

p-thly Annuity: a
(p)
n =

i

i(p)
an =

1− vn

i(p)
= v1/pä

(p)
n ä

(p)
n =

i

d(p)
an =

1− vn

d(p)

s
(p)
n =

(1 + i)n − 1

i(p)
=

i

i(p)
sn = a

(p)
n (1 + i)n s̈

(p)
n =

i

d(p)
sn = ä

(p)
n (1 + i)n

a =
n∑

t=1
Xtv

t a(p) =
i

i(p)
a

Non-integer values of n: a
(p)
n =

1

p

(
v1/p + v2/p + v3/p + · · ·+ vr/p

)
=

1

p

[
1− vr/p

(1 + i)1/p − 1

]
a
(p)
n at rate i =

1

p
anp at rate i(p)/p

a
(p)
n = a

(p)
n1

+ fvn where n = n1 + f

Perpetuity: a∞ =
1

i
ä∞ =

1

d
ā∞ =

1

δ

a
(p)
∞ =

1

i(p)
ä
(p)
∞ =

1

d(p)

Deferred Annuity: m|an = vm+1 + vm+2 + vm+3 + · · ·+ vm+n = m+1|än = vman = am+n − am

m|än = vmän = äm+n − äm

m|ān =
∫m+n

m
e−δtdt = ām+n − ām = vmān

m|a
(p)
n = vma

(p)
n m|ä

(p)
n = vmä

(p)
n m|(Ia)n = vm(Ia)n
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Increasing Annuity: (Ia)n = v + 2v2 + 3v3 + · · ·+ nvn =
än − nvn

i

(Iä)n = 1 + 2v + 3v2 + · · ·+ nvn−1 =
än − nvn

d
= 1 + an−1 + (Ia)n−1

(Iā)n =
n∑

r=1

(∫ r

r−1
rvtdt

)
=

än − nvn

δ

(Ia)n =
∫ n

0
tvtdt =

ān − nvn

δ

TERM STRUCTURE OF INTEREST RATES

Factors causing interest rates to vary over time:
Supply and demand Base rates
Interest rates in other countries Expected future inflation
Risk associated with changes in interest rates Tax rates

Spot Rates: n-year spot Rate of interest: yn

Price of a n-year zero-coupon Bond: Pn = (1 + yn)
−n ⇒ (1 + yn) = P

− 1
n

n

Term structure of interest rates: The variation by term of interest rates

Forward Rates: (Annual Effective)

Forward rate for the period (t, t+ 1): ft,1 =
(1 + rt+1)

t+1

(1 + rt)t
− 1 =

Pt

Pt+1
− 1

Forward rate for the period (t, t+ r): (1 + yt)
t(1 + ft,r)

r = (1 + yt+r)
t+r = P−1

t+r

(1 + ft,r)
r
=

(1 + yt+r)
t+r

(1 + yt)
t =

Pt

Pt+r

Continuous time spot rates: t-year spot force of interest is Yt

Pt = e−Ytt ⇒ Yt = −1

t
logPt

Continuous time forward rates: ft,r = eFt,r − 1

Forward rate for the period (t, t+ r): Ft,r =
(t+ r)Yt+r − tYt

r
=

1

r
log
(

Pt

Pt+r

)
Instantaneous forward rates: The instantaneous forward rate Ft is defined as: Ft = lim

r→0
Ft,r

Ft = − 1

Pt

d

dt
Pt

Pt = e−
∫ t
0
Fsds

Yield curve: a graphical or tabular presentation of a collection of spot rates for various
maturities n

Expectations Theory: The rate charged for a longer-term investments contains information about
expected interest rates for future short-term investments

Liquidity Preference: Lenders prefer short-term bonds over long-term bonds because longer-term
loans tie up their money for longer periods, reducing their flexibility to manage
their capital

Market Segmentation: The term structure emerges from these different forces of supply and demand

Yields to maturity: The effective rate of interest at which the discounted value of the proceeds of
a bond equal the price

Par yields: 1 = (ycn)
(
vy1

+ v2y2
+ v3y3

+ . . .+ vnyn

)
+ 1vnyn
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DURATION, CONVEXITY AND IMMUNISATION

Duration: A =
n∑

k=1

Ctkv
tk
i

Macaulay Duration: τ =

n∑
k=1

tkCtkv
tk
i

n∑
k=1

Ctkv
tk
i

= −

d

dδ
A

A

Effective Duration: v(i) =

n∑
k=1

Ctktkv
tk+1
i

n∑
k=1

Ctkv
tk
i

= −

d

di
A

A
=

τ

1 + i

Bond: τ =
D(Ia)n +Rnvn

Dan +Rvn

n-year zero coupon bond: τ = n

Convexity: c(i) =

n∑
t=1

Ctktk (tk + 1) vtk+2
i

n∑
k=1

Ctkv
tk
i

=

d2

di2
A

A

Small change in interest rates ε: A(i+ ε)−A(i)

A
=

∂A

∂i
× 1

A
× ε+ 1/2× ∂2A

∂i2
× 1

A
× ε2 + · · ·

≈ −εv(i) + 1/2ε2c(i)

Immunisation: Asset cashflows {Atk}, Liability cashflows {Ltk}

Requirements for Redington Immunization: If same interest rate applies to all CF’s

(i) PV(Assets) = PV(Liabilities) (i) VA (i0) = VL (i0)

(ii) Volatility(Assets) = Volatility(Liabilities) (ii) vA (i0) = vL (i0)

(iii) Convexity(Assets) > Convexity(Liabilities) (iii) cA (i0) > cL (i0)

EQUATIONS OF VALUE

Net cashflow at time tr: ctr = btr − atr with outlays of amount atr and receive payment btr

Force of interest:
n∑

r=1
ctre

−δtr = 0

Yield equation:
n∑

r=1
ctrv

tr = 0

Net rate of cashflow at time t: ρ(t) = ρ2(t)− ρ1(t)

Force of interest:
n∑

r=1
ctre

−δtr +
∫∞
0

ρ(t)e−δtdt = 0 (discrete and continuous cashflows)

Yield equation:
n∑

r=1
ctr (1 + i)−tr +

∫∞
0

ρ(t)(1 + i)−tdt = 0 (discrete and continuous cashflows)

Probability of cashflow:

Force of interest:
n∑

r=1
ctre

−δtre−µtr +
∫∞
0

ρ(t)e−δte−µtdt = 0

Yield equation:
n∑

r=1
ptrctr (1 + i)−tr +

∫∞
0

p(t)ρ(t)(1 + i)−tdt = 0

Higher discount rate:
n∑

r=1
ctre

−δ′tr +
∫∞
0

ρ(t)e−δ′tdt = 0

where δ′ = δ + µ
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LOANS

Loan Schedules: Repayment Xt,
Outstanding Balance Lt at time t,
Capital Repayment ft,
Interest bt

Prospective Lt = Xt+1v +Xt+2v
2 +Xt+3v

3 + . . .+Xnv
n−t

Retrospective Lt = L0(1 + i)t −
(
X1(1 + i)t−1 +X2(1 + i)t−2 + . . .+Xt−1(1 + i) +Xt

)
Lt, ft, and bt at time t L = L0 = Xan bt = iLt−1 fn = Ln−1

Ln−1 = Xnv ft = Xt − iLt−1 Lt = Lt−1(1 + i)−Xt

Year
r → r + 1

Loan outstanding
at r

Instalment
at r + 1

Interest
due

at r + 1

Capital repaid
at r + 1

Loan outstanding
at r + 1

0 → 1 L0 x1 iL0 X1 − iL0 L1 = L0 − (X1 − iL0)

...
...

...
...

...
...

t → t+ 1 Lt Xt+1 iLt Xt+1 − iLt Lt+1 = Lt − (Xt+1 − iLt)

...
...

...
...

...
...

n− 1 → n Ln−1 Xn iLn−1 Xn − iLn−1 0

Repayment payable more frequently than annually

Prospectively: Lt = Xt+1/pv
1/p +Xt+2/pv

2/p + . . .+Xnv
n−t

Retrospectively: Lt = L0(1 + i)t −
(
X 1

p
(1 + i)t−1/p +X 2

p
(1 + i)t−2/p + . . .+Xt−1/p(1 + i)1/p +Xt

)
FIXED-INTEREST SECURITIES

Security has No tax: P = Da
(p)
n +Rvn

Security with Income tax: P ′ = (1− t1)Da
(p)
n +Rvn with income tax at rate t1 on the coupons

Capital gains tax: The tax levied on the capital gain
(the price paid for a bond is less than the redemption)

Capital gains test: There is a capital gain if R > (1− t1)Da
(p)
n +Rvn → i(p) > (1− t1)

D

R

P ′′ = (1− t1)Da
(p)
n +Rvn − t2 (R− P ′′) vn

Callable Bonds To calculate appropriate price:

If Bond is sold at a capital loss, assume Earliest Redemption date

If Bond is sold at a capital gain, assume Latest Redemption date

Equity: P =
∞∑
t=1

Dtv
t
i and P =

D(1 + g)

i− g
with constant dividend growth rate of g

Property: P =
∞∑
k=1

1

m
Dk/mv

k
m

https://www.actuarialuniversity.com/hub?tags=e4b9bd76-fcd1-4b66-9c47-d468f0e61dd2&e9520cc3-2b0b-4c5e-a65f-58250e90279e
https://www.actuarialuniversity.com/hub?tags=896ed230-21dd-4cdf-8c38-9241e56acc97
https://www.actuarialuniversity.com/hub?tags=9a9d5fa9-3969-41d9-a051-9eb0ff7dd065
https://www.actuarialuniversity.com/hub?tags=bb666a99-9c3c-436e-97e6-83d9e66adfa4&9fc72f9d-5373-4bb4-aab3-ce4deff8ebc7
https://www.actuarialuniversity.com/hub?tags=3240cb66-4f06-416f-a749-5820e1b9d8a8
https://www.actuarialuniversity.com/hub?tags=475289e8-697c-40ec-9ed9-95cccecf8643
https://www.actuarialuniversity.com/hub?tags=ce5f6483-56c6-4e20-96b9-333f2f307f81
https://www.actuarialuniversity.com/hub?tags=8e339f10-0687-42a4-87e8-3f295e32a901
https://www.actuarialuniversity.com/hub?tags=975840f6-afc0-481f-bfa6-cfc9fcb6865c
https://www.actuarialuniversity.com/hub?tags=5c7ee6b1-df38-4c88-923b-49b67808eba4&68e10696-da70-4919-87d3-75013cfbf894
https://www.actuarialuniversity.com/hub?tags=ed2ed5cf-4008-4686-95b3-c1be73d67c89
https://www.actuarialuniversity.com/hub?tags=71e99615-22c4-42b9-836d-bd2415163e45


ACTEX Learning

www.ACTEXLearning.com Need Help? Email support@actexlearning.com Copyright © ArchiMedia Advantage Inc. 
All Rights Reserved

Exam CM 1 Formula & Review Sheet 6

REAL RATES OF INTEREST

Cashflows {Ct1 , Ct2 , . . . , Ctn}� and associated inflation index values {Q(0), Q (t1) , Q (t2) , . . . , Q (tn)}

→
n∑

k=1

Ctk

Q (tk)
vtki′ = 0

Real rate of interest: Real yield =
1 + Annual rate of interest

1 + Inflation rate − 1 → i′ =
i− j

1 + j

Payments related to the rate of inflation:
n∑

k=1

ctkv
tk
i′ = 0 where Ct = ct

Q(t)

Q(0)

Rate of escalation j: cet = (1 + j)tct and ρe(t) = (1 + j)tρ(t)

Net present value: NPVj(i) =
∑

ct(1 + j)t(1 + i)−t +
∫∞
0

ρ(t)(1 + j)t(1 + i)−tdt

=
∑

ct (1 + i0)
−t

+
∫∞
0

ρ(t) (1 + i0)
−t

dt

Index-linked bonds: P =
2n∑
k=1

D

2

Q(k/2)

Q(0)
v

k
2
i +R

Q(n)

Q(0)
vni

PROJECT APPRAISAL

Net cashflow ct at time t ct = cash inflow at time t − cash outflow at time t

Net rate of cashflow per unit time at time ρ(t): ρ(t) = ρ1(t)− ρ2(t)

where ρ1(t), ρ2(t) denote the rates of inflow and outflow at time t respectively

Net present value: NPV (i) =
∑

ct(1 + i)−t +
∫ T

0
ρ(t)(1 + i)−tdt

Internal rate of return: For the transaction is the interest rate at which the value of all cashflows out is
equal to the value of cashflows in.

Discounted Payback Period: A(t) =
∑
s≤t

cs (1 + j1)
t−s

+
∫ t

0
ρ(s) (1 + j1)

t−s
ds

Accumulated value: A(T ) =
∑

ct(1 + i)T−t +
∫ T

0
ρ(t)(1 + i)T−tdt

Accumulated profit: P = A (t1) (1 + j2)
T−t1 +

∑
t>t1

ct (1 + j2)
T−t

+
∫ T

t1
ρ(t) (1 + j2)

T−t
dt

ACTUARIAL NOTATION

Survival probability: tpx = Pr (Tx > t)

Mortality probability: tqx = 1− tpx = Pr (Tx ≤ t)

Formulas: t+spx = tpx spx+t = spx tpx+s

t+sqx = tqx + tpx sqx+t

t|sqx = tpx sqx+t = tpx − t+spx = t+sqx − tqx

LIFE TABLES

Number of lives: lx = lα × x−αpα for α ≤ x ≤ ω where ω is referred to as the limiting age of the table

Number of deaths: tdx = lx − lx+t

Formulas: tpx =
t+x−αpα

x−αpα
=

lx+t

lα
× lα

lx
=

lx+t

lx

tqx = 1− tpx = 1− lx+t

lx
=

tdx
lx

=
lx − lx+t

lx

n|mqx =
mdx+n

lx
=

lx+n − lx+n+m

lx

Pr [Kx = k] = k|qx
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FORCE OF MORTALITY

Definition: µx+t = µ = constant

Formulas: tpx = e−
∫ t
0
µx+sds = e−

∫ x+t
x

µsds

tqx =
∫ t

0 spx µx+sds

t−spx+s = e−
∫ t
s
µx+rds = e−u(t−s)

SELECT SURVIVAL MODEL

k-year select period: q[x]+r < qx+r for r < k p[x]+r > px+r for r < k

q[x]+r = qx+r for r ≥ k p[x]+r = px+r for r ≥ k

l[x]+t =
l[x]+t+1(
1− q[x]+t

) d[x]+r = l[x]+r − l[x]+r+1

nq[x]+r =
l[x]+r − l[x]+r+n

l[x]+r
n|mq[x]+r =

l[x]+r+n − l[x]+r+n+m

l[x]+r

EXPECTED FUTURE LIFETIME

Expectations: E [Tx] =
o
ex =

∫∞
0

t tpx µx+tdt =
∫∞
0 tpxdt

E [Kx] = ex =
∞∑
k=1

k kpx qx+k =
∞∑
k=1

k k|qx =
∞∑
k=1

kpx ≈ o
e− 1/2

Second moments: E
[
T 2
x

]
=
∫∞
0

t2tpx µx+tdt =
∫∞
0

2ttpxdt

E
[
K2

x

]
=

∞∑
k=1

k2kpx qx+k =
∞∑
k=1

(2k − 1) kpx = 2
∞∑
k=1

k kpx − ex

Variance: V ar (Tx) = E
[
T 2
x

]
− E [Tx]

2

V ar (Kx) = E
[
K2

x

]
− E [Kx]

2

APPROXIMATIONS

UDD between integral ages: lx+s = lx − sdx → sqx =
∫ s

0
qxdt = sqx t−sqx+s =

(t− s)qx
1− sqx

CFM between integral ages: lx+s = lx × (px)
s → spx = (px)

s
t−spx+s = (px)

t−s

t−spx+s = exp
{
−
∫ t

s
µx+rdr

}
= e−µ(t−s)

These are for 0 ≤ s, t ≤ 1 and 0 ≤ s+ t ≤ 1

ACTUARIAL FUNCTIONS

Assurance (Discrete)

Whole Life Assurance: Ax = E
[
vKx+1

]
=

∞∑
k=0

vk+1
k|qx =

∞∑
k=0

vk+1
kpx qx+k

Term Life Assurance: A1
x:n

= E[F] =
n−1∑
k=0

vk+1
k|qx =

n−1∑
k=0

vk+1
kpx qx+k

Pure Endowment: A
x:

1
n
= E[G] = vnnpx

Endowment Assurance: Ax:n = E[H] =
n−1∑
k=0

vk+1
k|qx + vnnpx =

n−1∑
k=0

vk+1
kpx qx+k + vnnpx

A[x] =
∞∑
k=0

vk+1
k|q[x]
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Assurance (Continuous)

Whole life Assurance: Āx = E
[
vTx

]
=
∫∞
0

vttpx µx+tdt

2Āx =
∫∞
0

(vt)
2
tpx µx+tdt

Term Life Assurance: Ā1
x:n

= E[F] =
∫ n

0
vttpx µx+tdt

2Ā1
x:n

=
∫ n

0
(vt)

2
tpx µx+tdt

Endowment Assurance: Āx:n = E[H] =
∫ n

0
vttpx µx+tdt+ vnnpx

2Āx:n =
∫ n

0
(vt)

2
tpx µx+tdt+ (vn)

2
npx

Assurance (mthly): A
(m)
1
x:n

=
nm−1∑
k=0

vk/m+1/m
k/mpx 1/mqx+k/m

Relations: Āx = Ā1
x:n

+ n|Āx = Ā1
x:n

+ vnnpx Āx+n

Ax = A1
x:n

+ vnnpx Ax+n

Āx:n = Ā1
x:n

+A
x:

1
n
= Ā1

x:n
+ vnnpx

Ax:n = A1
x:n

+A
x:

1
n
= A1

x:n
+ vnnpx

n|Āx
= vnnpx Āx+n

n|Ax
= Ax −A1

x:n
= vnnpxAx+n

VARIANCE OF PRESENT VALUES

Death benefit paid Death benefit paid
Policy at the moment of death at the end of the year of death

Whole life insurance Var
[
vTx

]
= 2Āx −

(
Āx

)2 Var
[
vKx+1

]
=

∞∑
k=0

(
vk+1

)2
k|qx − (Ax)

2

n-year term insurance Var[F] = 2Ā1
x:n

−
(
Ā1

x:n

)2
Var[F] = 2A1

x:n
−
(
A1

x:n

)2
n-year endowment insurance Var[H] = 2Āx:n −

(
Āx:n

)2 Var[H] = 2Ax:n −
(
Ax:n

)2
n-year pure endowment Var[G] = 2A

x:
1
n
−
(
A

x:
1
n

)2

n-year deferred life insurance Var[J] = 2
n|Āx

−
(
n|Āx

)2 Var[J] = 2
n|Ax

−
(
n|Ax

)2

APPROXIMATIONS

UDD between integral ages: Āx =
i

δ
Ax Ā1

x:n
=

i

δ
A1

x:n
Āx:n ̸= i

δ
Ax:n .

A
(m)
x =

i

i(m)
Ax

2Āx =
2i+ i2

2δ
2Ax

Claims acceleration approach: Āx = (1 + i)
1/2 Ax Ā1

x:n
= (1 + i)

1/2
A1

x:n

A
(m)
x = (1 + i)

m−1
2m Ax

2Āx = (1 + i) 2Ax

Ā1
x:n

= (1 + i)
1/2

A1
x:n

+A
x:

1
n

(IĀ)x ∼= (1 + i)1/2(IA)x
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ACTUARIAL FUNCTIONS

Annuity (Discrete)

Whole Life Annuity

Paid in advance: äx = E
[
äKx+1

]
=

∞∑
j=0

jpxv
j

Paid in arrears: ax = E
[
aKx

]
=

∞∑
k=0

ak k|qx =
∞∑
j=1

jpxv
j

Temporary Annuity

Paid in advance: äx:n = E
[
äMIN[Kx+1,n]

]
=

n−1∑
k=0

äk+1 k|qx + än npx =
n−1∑
j=0

jpxv
j

Paid in arrears: ax:n = E
[
aMIN[Kx,n]

]
=

n−1∑
k=1

ak k|qx + an npx =
n∑

j=1
jpxv

j

Deferred Annuity: n|äx =
∞∑

k=n

vkkpx

Guaranteed annuity

Paid in advance: äx:n = E
[
äMAX[Kx+1,n]

]
=

n−1∑
k=0

än k|qx +
∞∑

k=n

äk+1 k|qx = än +
∞∑
j=n

jpxv
j

ax:n = E
[
aMAX[Kx,n]

]
=

n−1∑
k=0

an k|qx +
∞∑

k=n

ak k|qx = an +
∞∑

j=n+1
jpxv

j

a
(m)
x =

1

m

∞∑
t=1

vt/mlx+t/m

lx
ä[x] =

∞∑
0

kp[x] · vk

Annuity (Continuous)

Whole Life Annuity: āx = E
[
āTx

]
=
∫∞
0

āt tpx µx+tdt =
∫∞
0

vttpxdt

Temporary Annuity: āx:n = E
[
āMIN[Tx,n]

]
=
∫ n

0
āt tpx µx+tdt+ ān npx

Relations: āx = āx:n + n|āx äx = äx:n + n|äx ax = ax:n + n|ax

n|āx = vnnpx āx+n n|äx = vnnpx äx+n n|ax = vnnpx ax+n

āx:n = ān + n|āx äx:n = än + n|äx ax:n = an + n|ax

äx = 1 + ax äx:n = 1 + ax:n−1 = 1 + ax:n − vnnpx

ax = vpxäx+1 ax:n = vpxäx+1:n t
m |äx ∼= äx − t

m

āx ∼= äx − 1/2 āx:n ∼= äx:n − 1/2 (1− vnnpx) (Iā)x ≈ (Iä)x − 1

2
äx

ä
(m)
x

∼= äx − (m− 1)

2m
ä
(m)
x =

1

m
+ a

(m)
x a

(m)
x

∼= ax +
m− 1

2m

Assurance to annuity: äx =
1−Ax

d
āx =

1− Āx

δ
ä[x] =

1−A[x]

d

ä
(m)
x:n =

1−A
(m)
x:n

d(m)
äx:n =

1−Ax:n

d
āx:n =

1− Āx:n

δ

ä[x]:n =
1−A[x]:n

d
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VARIANCE OF PRESENT VALUES

Policy Paid continuously Paid in arrears Paid in advance

Whole life annuity
2Āx −

(
Āx

)2
δ2

2Ax − (Ax)
2

d2

2Ax − (Ax)
2

d2

n-year term annuity
2Āx:n −

(
Āx:n

)2
δ2

2Ax:n+1 −
(
Ax:n+1

)2
d2

2Ax:n −
(
Ax:n

)2
d2

Guaranteed annuity
v2nnqx + 2

n|Ax −
(
vnnqx + n|Ax

)2
d2

v2nnqx + 2
n|Ax −

(
vnnqx + n|Ax

)2
d2

RETROSPECTIVE ACCUMULATIONS

Retrospective accumulation: lim
L→∞

Fn(L)

Ln
=

E [Fn(1)]

npx

Pure Endowment: E [Fn(1)] = npx → lim
L→∞

Fn(L)

Ln
=

npx

npx
= 1

Term Assurance: E [Fn(1)] = (1 + i)nA1
x:n → lim

L→∞

Fn(L)

Ln
=

(1 + i)nA1
x:n

npx

Temporary Annuity-due: E [Fn(1)] = ((1 + i)näx:n → lim
L→∞

Fn(L)

Ln
=

(1 + i)näx:n

npx

Accumulation value: s̈x:n =
(1 + i)näx:n

npx

VALUING VARIABLE BENEFITS AND ANNUITIES

Expected present value: Yxv
dx
lx

+ Yx+1v
2 dx+1

lx
+ . . .+ Yx+tv

t+1 dx+t

lx
+ . . .

with payment Yx when death occurs in the year of age (x, x+ 1)

EPV of an annuity: Fx+1v
lx+1

lx
+ Fx+2v

2 lx+2

lx
+ . . .+ Fx+tv

t lx+t

lx
+ . . .

with amount Fx+t payable on survival to age x+ t

Payments varying at
a constant compound rate

1

1 + b
Aj

x with payment (1+b)k when death occurs in the year of age (x+k, x+k+1)

where j =
(1 + i)

(1 + b)
− 1

Immediate annuity: ajx with amount (1 + c)k payable on survival to age x+ k

where j =
(1 + i)

(1 + c)
− 1

Payments varying by
constant monetary amount

Payment k + 1 when death occurs in the year of age (x+K,x+K + 1)

Increasing whole life assurance: (IA)x =
∞∑
k=0

(k + 1)vk+1
k|qx

Increasing temporary assurance: (IA)1x:n = (IA)x − vn
lx+n

lx
[nAx+n + (IA)x+n]

Increasing endowment assurance: (IA)x:n = (IA)1x:n + nA 1
x:n = (IA)1x:n + n

Dx+n

Dx

Decreasing temporary assurance: (n+ 1)A1
x:n − (IA)1x:n

Increasing whole life annuity: (Ia)x =
∞∑
k=1

kvkkpx
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Increasing whole life annuity due: (Iä)x =
∞∑
k=0

(k + 1)vkkpx

(I + ä)x = (Ia)x + äx

Increasing temporary annuity: (Iä)x:n = (Iä)x − vn
lx+n

lx
[näx+n + (Iä)x+n]

Decreasing temporary annuity: (n+ 1)äx:n − (Iä)x:n

UNIT-LINKED AND WITH-PROFITS CONTRACTS

Unit-linked contracts:

Unit-linked assurances: Have benefits which are directly linked to the value of the underlying investments
Each policyholder receives the value of the units allocated to the policy

Guaranteed benefits: (1) on death during the policy term, the higher of a fixed sum assured or the value
of units might be paid

(2) on survival to the maturity date of the policy, a minimum guaranteed sum
assured, or a minimum average unit growth rate, may be applied

Conventional with-profits contracts

without profits basis both the premiums and benefits under the policy are usually fixed and guaranteed
at the date of issue

with-profits basis the premiums and/or the benefits can be varied to give an additional benefit to the
policyholder in respect of any emerging surplus of assets over liabilities following a
valuation

Simple bonus: the bonus rate is applied to the basis sum assured

Compound bonus: the bonus rate is applied to the basic sum assured and bonuses added in the past

Super-compound bonus: two compound bonus rates are declared every year, one applying to the basic sum
assured, and one to the bonuses added to the policy in the past

Accumulating with-profits contracts:

Accumulating fund at time t: Ft = (Ft−1 + P ) (1 + bt) with annual premiums of P and annual bonus interest bt

Ft = (Ft−1 + P ) (1 + g) (1 + bt) including a guaranteed bonus interest rate of g per
annum

Contractual benefit Bt = Ft +Tt where T is the amount of terminal bonus payable on a claim at time t

Unitised with profits (UWP): Method (1) the unit price allows for guaranteed bonus interest increases only; the
discretionary bonus is credited to the policy by awarding additional (bonus) units
from time to time.

Method (2) the unit price allows for both guaranteed and bonus interest increases.

Benefit max [S,Bt] = max [S, Ft + Tt]
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FUNCTIONS INVOLVING TWO LIVES

Joint life functions

Random variable: Txy = min {Tx, Ty}

CDF of Txy: FTxy (t) = P [Txy ≤ t] = 1− tpxy = 1− P [Tx > t]P [Yy > t] = 1− tpxtpy

Density function of Txy: fTxy
(t) = tpxtpy (µx+t + µy+t) = tpxy µx+t:y+t

Joint life table: tpxy =
ℓx+t

ℓx
· ℓy+t

ℓy
=

ℓx+t:y+t

ℓxy
where ℓxy = ℓxℓy

dxy = ℓxy−ℓx+1:y+1 qxy =
dxy
ℓxy

µx+t:y+t = − 1

ℓx+t:y+t

d

dt
ℓx+t:y+t = µx+t+µy+t

Probability function of Kxy: P [Kxy = k] = P [k ≤ Txy < k + 1] = k|qxy

Last survivor function

Random variable: Txy = max {Tx, Ty}

CDF of Txy: FTxy
(t) = P [Txy ≤ t] = P [Tx ≤ t]P [Ty ≤ t] = (1− tpx) (1− tpy)

= FTx(t) + FTy (t)− FTxy (t)

Density function of Txy: fTxy
(t) = tpx µx+t + tpyµy+t − tpxtpy (µx+t + µy+t) = fTx

(t) + fTy
(t)− fTxy

(t)

Probability function of Kxy: P [Kxy = k] = P [k ≤ Txy < k + 1] = k|qx + k|qy − k|qxy

Relationship: Txy + Txy = min {Tx, Ty}+ max {Tx, Ty} = Tx + Ty

Kxy +Kxy = min {Kx,Ky}+ max {Kx,Ky} = Kx +Ky

Assurance functions: Status u could be any joint lifetime or last survivor status, e.g. xy, xy

Āu = E
[
Zu

]
=
∫ t=∞
t=0

vtfTu(t)dt

Var
(
Zu

)
= 2Āu −

(
Āu

)2
Continuous joint life: Āxy =

∫ t=∞
t=0

vttpxy µx+t:y+tdt
2Āxy −

(
Āxy

)2
Continuous last survivor: Āxy =

∫ t=∞
t=0

vt (tpx µx+t + tpyµy+t − tpxy µx+t:y+t) dt = Āx + Āy − Āxy

2Āxy −
(
Āxy

)2
=
(
2Āx + 2Āy − 2Āxy

)
−
(
Āx + Āy − Āxy

)2
Discrete joint life: Axy =

∞∑
t=0

vt+1
t|qxy

2Axy − (Axy)
2

Discrete last survivor: Axy = Ax +Ay −Axy

2Axy − (Axy)
2
=
(
2Ax + 2Ay − 2Axy

)
− (Ax +Ay −Axy)

2

Annuity functions:

Continuous Annuity: E
[
āTu

]
= āu =

∫ t=∞
t=0

āt fTu(t)dt =
1− Āu

δ

Var
(
āTu

)
= Var

(
1− vTu

δ

)
=

1

δ2

{
2Āu −

(
Āu

)2}
Discrete annuity due: äu =

1−Au

d

1

d2

{
2Au − (Au)

2
}

Discrete immediate annuity: au =
(1− d)−Au

d

1

d2

{
2Au − (Au)

2
}

Relations: a
(m)
xy = a

(m)
x + a

(m)
y − a

(m)
xy

∼= ax + ay − axy +
m−1
2m

Axy = 1− däxy Āxy = 1− δāxy

Axy = 1− däxy Āxy = 1− δāxy
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CONTINGENT

Contingent probabilities of death

Events: 1
xy, the event that (x) is the first to die of two lives (x) and (y)

2
xy, the event that (x) is the second to die of two lives (x) and (y).

Probability: nq1
xy

=
∫ t=n

t=0 tpxµx+t

{∫ s=∞
s=t spyµy+s · ds

}
dt =

∫ t=n

t=0
tpxyµx+tdt

nq2
xy

=
∫ t=n

t=0
(1− tpy)t pxµx+t · dt = nqx − nq1

xy

Relations: nqx = nq1
xy

+ nq2
xy

nq2
xx

= nq1
xx

− npxnqy

nq1
xx

= 1/2nqxx ∞q1
xx

= ∞q2
xx

= 1/2

Contingent assurance: Ā1
xy

= E[Z] =
∫ t=∞
t=0

vttpxy µx+tdt Var(Z) = 2Ā1
xy

−
(
Ā1

xy

)2
Ā1

xy
=

∞∑
t=0

vt+1
tpxyq

1
x+t:y+t

Relations: Āxy = Ā1
xy

+ Ā
x
1
y

Āx = Ā1
xy

+ Ā2
xy

Ā1
xx

= 1/2Āxx Ā2
xx

= 1/2Āxx

A1
xy

≈ (1 + i)−
1/2Ā1

xy

Reversionary annuity: āx|y = E[Z̄] = āy − āxy =
Āxy − Āy

δ
=
∫ t=∞
t=0

vtāy+ttpxyµx+tdt

ax|y = E[Z] = ay − axy =
Axy −Ay

d

a
(m)
x|y = a

(m)
y − a

(m)
xy

JOINT LIFE FUNCTIONS DEPENDENT ON TERM

Assurances functions: Ā 1

xy:n
=
∫ t=n

t=0
vttpxyµx+t:y+tdt

Ā1
xy:n

=
∫ t=n

t=0
vttpxyµx+tdt

Ā
xy:

1
n
= npxyv

n

Relations: Āxy:n = Ā 1

xy:n
+ Ā 1

xy:n

Āxy:n = Āx:n + Āy:n − Āxy:n

Ā 1
xy:n = Ā1

x:n
+ Ā1

y:n
− Ā 1

xy:n

Annuity functions: āxy:n =
∫ t=n

t=0
vttpxydt

ān |y = n|āy = āy − āy:n

āy:n − āxy:n = āy − āxy − vnnpxy (āy+n − āx+n:y+n)

āy:n + vnnpyāx:y+n − āxy

Relations: āxy:n = āx:n + āy:n − āxy:n

a
(m)
xy:n = a

(m)
x:n + a

(m)
y:n − a

(m)
xy:n

a
(m)
xy:n

∼= axy:n +
m− 1

2m

(
1− vn

ℓx+nℓy+n

ℓxℓy

)
a
(m)
y:n − a

(m)
xy:n

∼= ay:n − axy:n +
m− 1

2m

(
vn

ℓx+nℓy+n

ℓxℓy
− vn

ℓy+n

ℓy

)
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MULTIPLE TRANSITIONS

Multiple state model: H = healthy S = sick

D = dead

ρx

σx

vxµx

Transition probability: tp
ij
x is the probability that a life aged x

who is currently in state i will be in state j at time t.

tp
ii
x is the probability that a life aged x

who is currently in state i will be in state i at time t.

tp
ii
x is the probability that a life aged x

who is currently in state i continuously will be in state i until time t.

Forces of transition: tp
ii
x = exp

(
−
∫ t

0

∑
j ̸=i

µij
x+sds

)
EPV of lump sum

∫∞
0

e−δt
(
tp

HH
x µx+t + tp

HS
x vx+t

)
dt

EPV of annuity
∫∞
0

e−δt
tp

HS
x dt

EPV of premium
∫∞
0

e−δt
tp

HH
x dt

Multiple decrement model: Healthy (H) Sick (S)

Dead (D)

σx

µx

Probability: (aq)sx = 1p
HS
x (aq)dx = 1p

HD
x (ap)x = 1p

HH
x

(ap)x + (aq)sx + (aq)dx = 1 (aq)x = (aq)sx + (aq)dx

(ap)x + (aq)x = 1

Transition probability: t(ap)x = e−(µ+σ)t (aq)sx =
σ

µ+ σ

(
1− e−(µ+σ)

)
=

σ

µ+ σ
(aq)x

(aq)dx =
µ

µ+ σ

(
1− e−(µ+σ)

)
qsx = 1− e−σ → σ = − ln (1− qsx) q

d
x = 1− e−µ

Multiple decrement table: (aq)kx =
(ad)kx
(al)x

n(aq)
k
x =

(ad)kx + (ad)kx+1 + . . .+ (ad)kx+n−1

(al)x

(ap)x =
(al)x+1

(al)x
n(ap)x =

(al)x+n

(al)x
n|(aq)

k
x =

(ad)kx+n

(al)x

(al)x+1 = (al)x −
∑
k

(ad)kx

σ =
(aq)sx
(aq)x

(µ+ σ) =
(aq)sx
(aq)x

(− ln(ap)x)

Associated single decrement table:

tp
j
x = exp

{(
−
∫ t

0
µj
x+sds

)}
tq

j
x =

∫ t

0 sp
j
xµ

j
x+sds

(aµ)jx = µj
x for all j and all x
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GROSS PREMIUMS

Equivalence principle: E [Net future loss]= EPV (Benefits) − EPV (Premiums) = 0

E [Gross future loss]= EPV (Benefits) + EPV (Expenses) − EPV (Premiums) = 0

L: present value of the future outgo − present value of the future income

I: initial expenses in excess of those occurring regularly each year

e: level annual expenses

f : additional expenses incurred when the contract terminates

Annual premium contracts

whole life assurance Discrete SAx + I + eäx + fAx = Gäx

Continuous SĀx + I + eāx + fĀx = Gāx

Endowment assurance Discrete SAx:n + I + eäx + fAx:n = Gäx:n

Continuous SĀx:n + I + eāx:n + fĀx = Gāx:n

Conventional with-profits contracts: S
1

1 + b
Aj

x + I + eäx + fAx = Gäx

Premiums payable m times per year: SĀx + I + eä
(m)
x + fĀx = Gä

(m)
x

RESERVES

Prospective reserves

Net premium reserve: tV
n = E [tL | Tx ≥ t] = EPVt (Benefits) − EPVt (Net Premiums)

Gross premium reserve: tV
g = E [tL

g | Tx ≥ t]

= EPVt (Benefits) + EPVt (Expenses) − EPVt (Gross Premiums)

whole life assurance Discrete SAx+t + eäx + fAx+t −Gäx+t

Continuous SĀx+t + eāx+t + fĀx −Gāx+t

Endowment assurance Discrete SAx+t:n−t + eäx+t:n−t + fAx+t:n−t −Gäx+t:n−t

Continuous SĀx+t:n−t + eāx+t:n−t + fĀx+t:n−t −Gāx+t:n−t

Last survivor assurance both x and y are alive: tVx:y = Ax+t:y+t − Px:yäx+t:y+t

y had previously died: tVx:y = Ax+t − Px:yäx+t

Retrospective reserves

Gross premium reserve: lx
lx+t

(1 + i)t
{
Gä

(m)

x:t
− SĀ1

x:t
− I − eä

(m)

x:t
− fA

1

x:t

}
If: 1. the retrospective and prospective reserves are calculated on the same basis; and

2. this basis is the same as the basis used to calculate the premiums used in the reserve calculation
then the retrospective reserve will be equal to the prospective reserve.

RECURSIVE FORMULA

Gross premium Reserve: (tV
′ +G− e) (1 + i)− qx+t(S + f) = (1− qx+t) t+1V

′

Profit over the year: PROt = (tV
′ +G− e) (1 + i)− qx+t(S + f)− (1− qx+t) t+1V

′
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NET PREMIUM

Discrete: Px =
Ax

äx
P1
x:n

=
A1

x:n

äx:n
Px:n =

Ax:n

äx:n

Continuous: P̄
(
Āx

)
=

Āx

āx
P̄
(
Ā1

x:n

)
=

Ā1
x:n

āx:n
P̄
(
Āx:n

)
=

Āx:n

āx:n

Net premium reserve

Whole life assurance tVx = 1− äx+t

äx
=

Ax+t −Ax

1−Ax

Endowment assurance tVx = 1−
äx+t:n−t

äx:n
=

Ax+t:n−t −Ax:n

1−Ax:n

MORTALITY PROFIT

Death strain at risk (DSAR): DS =

 0 if the life survives to t+ 1

(S − t+1V ) if the life dies in the year [t, t+ 1)

Max(S − t+1V ) is death strain at risk

Recursive relationship: (tV + P ) (1 + i) = qx+tS + px+tt+1V = t+1V + qx+t (S − t+1V )

Expected death strain (EDS): EDS = qx+t (S − t+1V )

Actual death strain (ADS): ADS =

 0 if the life survives to t+ 1

(S − t+1V ) if the life dies in the year [t, t+ 1)

Mortality profit: Monthly Profit = Expected Death Strain − Actual Death Strain

Mortality profit on a portfolio of policies�

Total DSAR =
∑

all policies
(S − t+1V )

Total EDS =
∑

all policies
qx+t (S − t+1V )

= qx+t

( ∑
all policies

(S − t+1V )

)
= qx+t(total DSAR)

Total ADS =
∑

death claims
(S − t+1V )

Mortality Profit = total EDS − total ADS

DS payable immediately: DS =

 0 if the life survives to t+ 1(
S(1 + i)1/2 − t+1V

)
if the life dies in the year [t, t+ 1)

Allowing for survival benefits

Recursive relationship: (tV + P ) (1 + i) = qx+tS + px+t (t+1V +R) = t+1V +R+ qx+t (S − (t+1V +R))

DS: DS =

 0 if the life survives to t+ 1

(S − (t+1V +R)) if the life dies in the year [t, t+ 1)

EDS: EDS=qx+t (S − (t+1V +R))
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PROFIT TESTING

Evaluating expected cashflows

Premiums received and their times of payment

Expected expenses (from the basis) and their times of payment

Contingent benefits payable under the contract

Other benefits payable under the contract

Other expected cash payments

Other expected cash receipts

The reserves required for a contract

Example: Whole life assurance

Income Premiums P (from data)

Interest on Reserves i · S · tV

Interest on Balances (P − e)i

Expenditure Expenses e (from data)

Expected Surrender Value (aq)w[x]+t · (SV )t+1

Expected Death Claims (aq)d[x]+t · S

Transfer to Reserves (ap)[x]+t · S · t+1V − S ·t V

Profit Balancing item

Profit vector: (PRO)t (PRO)0 usually contains pre-contract expenses
only.

Profit signature: (PS)t = t−1(ap)x(PRO)t Note that Π0 = (PRO)0.

Internal rate of return: IRR Such that
n∑

k=0

(PS)t
(1+IRR)k

= 0.

Net present value: NPV =
∞∑
t=1

(1 + id)
−t

(PS)t

Profit margin: M =
NPV

EPV(Premiums)

Zeroising Negative Cashflows: The process of calculation of the non-unit reserve

Single financing phase
at outset:

The profit signature has a single negative value
(funds are provided by the insurance company) at policy duration zero

Cashflows: 1. Equation of Value: (NUCF)t + t−1V (1 + is)− (ap)x+t−1V = (PRO)t

2. m : the greatest duration t for which (NUCF)t is negative.

3. tV = 0 for t ≥ m.

4. m−1V = − (NUCF)m
(1 + is)

5. Formula for adjusted cashflow:

(NUCF)′m−1 = (NUCF)m−1 − (ap)x+m−2 m−1V

https://www.actuarialuniversity.com/hub?tags=30d39ca8-215d-40d4-be72-e75640b2372c
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6. Choose one of the 2 paths depending on whether the adjusted cashflow is positive
or negative:

a) If (NUCF)′m−1 > 0, then:

(PRO)m−1 = (NUCF)′m−1

b) If (NUCF)′m−1 < 0, then we repeat the process establishing non-unit reserves
m−2V at policy duration m− 2, then

(NUCF)′m−1 + m−2V (1 + is) = (PRO)m−1

and choose m−2V so that (PRO)m−1 = 0, i.e.

m−2V = −
(NUCF)′m−1

(1 + is)


